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ABSTRACT 

We obtain a large class of smooth Lorentzian p-brane wormholes in supergravities in 
various dimensions. They connect two asymptotically flat spacetimes. In cases where 
there is no dilaton involved in the solution, the wormhole can connect an AdS n x S m in 
one asymptotic region to a flat spacetime in the other. We obtain explicit examples for 
(n,m) = (4,7), (7,4), (5,5), (3,3), (3,2). These geometries correspond to field theories with 
UV conformal fixed points, and they undergo decompactification in the IR region. In the 
case of AdS3, we compute the central charge of the corresponding conformal field theory. 



1 Introduction 



Asymptotically AdS solutions in supergravities play an important role in the AdS/CFT 
correspondence [1-3], since they provide supergravity duals to quantum field theories with 
conformal fixed points in the UV region. In the bulk of such a solution, there are limited 
possibilities. There can be a black hole horizon with non-zero (or zero) temperature, or 
there can be an AdS horizon of different AdS radius, corresponding to a conformal field 
fixed point in the IR region [4]. A third possibility is that the solution is solitonic, such 
as an R-charged AdS bubble solution in an AdS gauged supergravity [5-7]. Most likely, 
the solution will have a naked singularity. Examples include the large class of AdS domain 
wall solutions with naked singularities constructed in [8,9], which are dual to the Coulomb 
branch of the dual gauge theories. 

A more intriguing situation is when there exists a wormhole in the bulk that connects 
smoothly to different AdS boundaries. In Lorentzian signature such a geometry appears un- 
likely, and disconnected boundaries can only be separated by horizons [10]. Thus the recent 
studies of wormholes in string theory and in the context of the AdS/CFT correspondence 
have so far concentrated on Euclidean-signature spaces [11—15]. 

In [16], Ricci-flat and charged Lorentzian wormholes in higher dimensions were obtained. 
These include the previously-known D = 5 Ricci-flat case [17]. The wormholes are smooth 
everywhere, and connect two asympotically flat Minkowski spacetimes. Although these 
wormholes are not traversable geodesically (see [18, 19] and [16]), it was demonstrated 
in [16] that there exist traversable accelerated timelike trajectories across the wormholes. 

A class of magnetically-charged wormholes in D = 5 supergravity was also obtained 
in [16]. It was shown that for appropriate choices of the parameters, the wormhole can 
connect an AdS3 x S 2 in one asympotic region to a Minkowski spacetime in the other. 
This geometry then provides a supergravity dual of a two-dimensional field theory at the 
boundary of the AdS3. 

In this paper, we begin in section 2 with a review of the Ricci-flat wormhole solutions 
that were obtained in [16]. We then construct p-brane wormhole solutions in section 3, 
supported by a dilaton and n-form field strength. In non-dilatonic cases, these p-brane 
wormholes connect an AdS n x S m in one asymptotic region to a flat spacetime in the 
other. We obtain explicit examples for (n,m) = (4, 7), (7, 4), (5, 5), (3, 3), (3, 2). These 
geometries correspond to field theories with UV conformal fixed points, which undergo 
decompactification in the IR region. 

In section 4, we study the AdS3 wormhole obtained in [16] in detail and compute the 
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central charge of the corresponding dual conformal field theory. 

In sections 5 and 6, we examine AdSs, AdS4, AdSy and another AdS3 wormhole in 
detail. Included in these discussions is a calculation of the mass and momentum of the 
configurations, as measured from the asymptotically AdS region. To do this, we make 
use of a construction of conserved charges in asymptotically AdS spacetimes, which we 
summarise in an appendix. 

We conclude the paper in section 7. 



2 Ricci-Flat Wormholes in D > 5 Dimensions. 



In this section, we review the Ricci-flat wormhole solutions in general dimensions obtained 
in [16]; they are given by 

r 2 dr 2 



ds D = (r l + a 2 )dnjj_ 3 + - 

(r z + a z ) sin u 

where v and u are functions of r, given by 



+ cos v(-dr + dz z ) + 2sinv dtdz , (2.1) 



£>-3 
2D - 8 



(vr - 2u) 



and 



u = arctan 



1 + ^7 



a. 



1 



(2.2) 



(2.3) 



One can also rewrite the relation between u and r in the simpler form 

„2\ 4-£> 



cos 2 u 



1 + 



(2.4) 

Note that u = when r = 0. Neither f|2.3[) nor (|2.4p satisfactorily exhibits the fact that as 
r passes through zero, the sign of u should be correlated with the sign of r. Instead, we can 
make this explicit by expanding the expression in (|2.3p and writing 



u = arctan 



a \ Z 



D-5 



E 



D-4 
n + l 



a- 



(2.5) 



Thus we see that as r ranges from — oo to +oo, u ranges from — to +^vr. For specific 
values of D, there are sometimes simpler expressions for the relation between u and r, as 
we shall see later. 

It is sometimes useful to use u, rather than r, as the radial coordinate. The solution is 
then given by 

a 2 { du 2 



ds 2 



D 



(cos u) 



D-4 



. (D - A) 2 cos 2 u 



+ dQ D _ 3 + cos v (-dt 2 + dz 1 ) + 2 sin v dt dz , (2.6) 



As was discussed in [16], the metric describes a smooth wormhole in D > 5 dimensions 
that connects two flat asymptotic spacetimes at r — ► ±00. Note that the general Ricci-flat 
wormhole metric (|2. 1[) is related to that in [16] by a coordinate rotation in the (t, z) plane. 

There are two asymptotic regions. In the r — > +00 region, we have u — > ^7r and hence 
u — ► 0. It follows that the metric becomes 

ds 2 = -dt 2 + dz 2 + dr 2 + r 2 ^_ 3 , (2.7) 

which is a flat Minkowskian spacetime in D dimensions. In the r — > —00 region, we ave 
u — > — ^7T and 



D — 3 

w 2D-8 v 



The metric becomes 



(is 2 = - cos(26 ) (dt 2 - dz 2 ) + 2 sin(26 )dtdz + dr 2 + r 2 dQ 2 D _ 3l 

= -dt 2 + dz 2 + dr 2 + r 2 dn 2 D _ 3 , (2.9) 

where 



(2.10) 



i \ / cos 0o — sin 0q\ I t 
zj \sin#o cos 60 I \z 
Thus the solutions connect smoothly two flat asymptotic spacetimes. However, only for the 
case of D = 5 do the two asymptotic regions have the same time coordinate. In higher 
dimensions, the notion of asymptotic time is different in the two regions. 



3 General ]9-Brane Wormholes 

We construct charged wormholes as solutions to D-dimensional Einstein gravity coupled to 
an n-form field strength, together with a dilaton. The Lagrangian has the following general 
form 

where F (n) = dA^ n _ 1 y The constant a can be parameterised as 

9 . 2(n- 1)(D -n- 1) . . 

a = A — — J 4 . 3.2) 

D-2 

The Langrangian (|3.ip is of the form that typically arises as a truncation of the full Lan- 
grangian in many supergravities, with A being given by 



for integer N. The values of N that can arise depends on the spacetime dimensions; they 
are classified in [20]. 

We may consider an electric "(ra — 2)-brane wormhole" in D spacetime dimensions, based 
on the D-dimensional wormhole solution (12.61) with 



D = D + n-3. (3.4) 
We therefore make as an ansatz for the .D-dimensional metric and the dilaton field 

(n-l)N 

J 2 H / a 2 du 2 2 ~ 

(COS U)D-* [ ' C ° S U 

+H ( D ~ 2 ) ( cos v(-dt 2 + dz 2 ) + 2 sin vdtdz + dx i dx l j , (3.5) 

n (n-l)(D-4)JV 

where the coordinates of the D-dimensional wormhole f|2.6[) have been augmented by (n — 3) 
additional world- volume coordinates x % . The function H is assumed to depend only on the 
radial coordinate u. For the field strength Fm, we make the ansatz 

F (n) = y/N dt Adz A d^x A dH" 1 , (3.6) 



Substituting into the equations of motion following from (J3JJ), we find that they are all 
satisfied provided H" = 0, and hence H is given by 

H = c o o«, (3.7) 

a u 4 

where Co and q are integration constants. Without loss of generality, let us take q to be 
non-negative. (Note that taking a limit of a — * leads to BPS p-brane solutions to the 
Lagrangian (|3.ip . obtained in general in [21].) It should again be emphasised that r «-> — r 
is not a symmetry, since the expression for u in terms of r is defined by (|2.5p . showing that 
the signs of u and r are correlated. The function H in general approaches a constant when 
r — ► ±oo, given by 

it q q 

r^+oo: H~co- + + • • • , 

r^-oo: ff-o + ^-Hr^. (3.8) 

Thus provided that Co > vr q/(2a D ~ 4: ), the p-brane wormholes link two asymptotically flat 
spacetimes. When cq = i7rga 4_D , for the non-dilatonic case a = 0, AdS wormholes can 
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arise that link AdSx Sphere in the r — * +00 asymptotic region to flat spacetime in the 
r — > —00 region. We shall discuss these solutions case by case in the following sections. 

Note that we can also consider "magnetic p-brane wormholes," which are equivalent to 
the previously-discussed electric cases, but constructed using the (D — n)-form dual of the 
n-form field strength F( n y In other words, we can introduce the dual field strength 

F {h) = e a KF {n) , (3.9) 

where n = D — n, in terms of which the Lagrangian (|3.ip can be rewritten as 

C& = V=q{R ~ m? - 2^-^) . (3.10) 

where = dA( A _ 1) . The electric solution (|3.5p of (|3.ip . with F {n) given by (|3.6p . can then 
then be reinterpreted as a magnetic solution of (|3,10p . with given by 

F (f Q=VN(D-4)qn D - 3 . (3.11) 



4 Magnetic String and AdS3 Wormholes 

In this section, we consider the magnetically-charged wormhole solution in five-dimensional 
?7(1) 3 supergravity that was obtained in [16]. It was observed that for appropriate choice 
of the parameters, the solution smoothly connect AdS3 x S 2 in one asymptotic region to 
the flat spacetime in the other. 

We begin by reviewing the solution. For simplicity, let us consider the special case where 
all the three charges are equal. The corresponding minimal supergravity solution is given 
by 

, 2 -1 /r 2 — 2asr — a? 2 Aacr r 2 + 2asr — a 2 2 

as?. = —H k k at H — ^ ^dtdz ^ k dz 

V r z + a r z + a A r z + a 



+H 2 (dr 2 + (r 2 + a 2 )dn 2 2 ) , 



F( 2 ) = V3q£l (2 ), H = c - - arctan(^) . (4.1) 



It is straightforward to verify that this solution is contained in the general form of p-brane 
wormhole (13. 5h with D = D = 5, n = 3 and N = 3. Compared with (|3.5I) . a boost 
parameter s = sinh/3 (c = cosh/3) is also introduced, as in [16]. The solution describes a 
smooth charged wormhole as long as 

,, 2) 
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The coordinate r runs from — oo to +00, corresponding to two flat spacetimes when the 
above inequality holds. Interesting things happen when cq = irq/(2a). In this case, we have 

r _, +00 ■ H ~ - - — + — - — H 

7?™'^ 

n q ( _|_ a ° 3 _)_ ° 5 ffl7 + ) (43) 

a V r 3r 3 5r 5 7r 7 / 

Thus asymptotically as r — > —00, the spacetime is flat, whilst as r — > +00, the spacetime is 
a direct product of AdS3 x S 2 . 

Since the size of the S 2 never vanishes, we can reduce the solution on the S 2 and obtain 
a smooth solution in D = 3. Such a breathing mode reduction was obtained in general 
dimensions in [22]. The reduction ansatz is given by 

ds 2 = e 2atp dsl + e~ av q 2 dVL 2 2 , F {2) = V3 q fi (2) , (4.4) 

with a = l/\/3- The D = 3 system contains the metric and a scalar, with the Lagrangian 
given by 



£3 = yf=g{R - \{d<l>) 2 -V), V = --^(4e 3 ^ - 3e 4 ^) . (4.5) 



1 
2q~ 2 

The scalar potential contains an AdS fixed point cp = 0. The resulting three-dimensional 
solution in the Einstein frame is given by 



dsl = <T 4 (r 2 + a 2 ) 2 H 6 dr 2 (4.6) 
-(r 2 + a 2 )H 3 (V 2 - 2as r - a 2 )dt 2 + Aacr dt dz - (r 2 + 2as r - a 2 )dz 2 ^ , 

In the asymptotic region r —* —00, we have that H is constant, and the solutions becomes 

dsl~r 4 {dr 2 -dt 2 + dz 2 ), ip^-oo. (4.7) 

The metric is locally flajjj] for r — > —00; however, the scalar describing the breathing mode 
of the internal S 2 diverges in this limit. This breathing mode singularity is just a lower- 
dimensional artifact, reflecting the fact that the radius of the S 2 becomes infinite. The 
system should really be lifted to five dimensions in this limit. 



1 If we let = (i, z) and define = r 2 x M and w = r 3 /3, the metric (|4.7|l becomes 
dsj = dw 2 + dy^ dy^ - y^dy^ dw + y^y^ dw 2 , 
which is asymptotically flat when \w\ » \y\. 



7 



In the r — * +00 limit, the metric approaches A0IS3. We would like to compute the 
central charge as in the work of Brown and Henneaux [23]. As a first step, we make the 
following change of coordinates 

r 2 t z , . 

r — , *->■-=, z^ —=. (4.8) 
2?' ^2 ^2 V 7 

Including the subleading term at asymptotic +00, the metric (I4.6P now has the following 

form: 

ds l = _ d r 2 _ (i _ —)-dt 2 + (1 + — ^z 2 - — dtdz, (4.9) 

where £ = 2g. If we had considered the general three unequal charge solution, we would 
have £ = 2{qiq2q^) 1 ^ ■ The traditional form of the Poincare patch of the AdS3 metric is: 

d2 2 

dsl = -pi dr2 + ^2 ( dz2 ~ dt2 ) ■ ( 4 - 10 ) 

We can now directly compare with, say, [24, 25] and see that the central charge of the 
system is 

C=\R=\l. (4.11) 

Here, we use C rather than the more conventional c to denote the central charge, to avoid 
confusion with the short-hand notation c = cosh j3 of this paper. 

5 D3-brane and AdSs Wormhole 

It is perhaps more interesting to obtain an AdSs wormhole in type IIB theory, which would 

be expected to be dual to certain four-dimensional Yang-Mills theory. Since AdSs appears 

naturally in the type IIB theory in AdSs x S* 5 , the near horizon geometry of the D3-brane, 

we consider the D3-brane wormhole solution. From (|3.5p with D = 8, n = 5 and iV = 1, we 

find that the D3-brane wormhole solution is given by 

, 2 ( H \i/2 r 2 2 a 2 du 2 

V cos u / 



H = c --^u, u = 2arcsin ( - - _ ' hr~) , v = J f (tt - 2u) . 



16 cos 2 u- 

+H~ 1/2 f cos v (-dt 2 + dz 2 ) + 2 sin vdtdz + dxj + dxj) , 

F {5) = G (5) + *ioG( 5 ) , G (5) = dt A dz A dx\ A dx 2 A dH" 1 , (5.1) 

'r(r 2 + 2a 2 ) 1 / 2 ' 
a 4 " ' ~ ~ " V ^2(r 2 +a 2 

Choosing the integration constant Co = 7rg/(2a 4 ), we have 

tt Q 2a2 Q , 
r^+00: H ~ — — 1 , 

r--oo: + (5.2) 



Thus we have constructed a wormhole solution that is asymptically AdSs x S 5 when r — * +00 
and flat when r — > — 00. 

Since the solution obtained above is spherically symmetric, it can be dimensionally 

reduced on to give a solution in five dimensions. Using the results in [22], we can reduce 

2 
5 



to the five-dimensional metric dsl given by 



6d 

ds\ = e 2av dsj + e-— lp e 2 dn 2 5 , 

rA 



G (5) = 4£ 4 fi (5) , (5.3) 



where a = and I = q l / A is the AdSs length. The five-dimensional system is then 

Einstein gravity coupled to a dilaton with a scalar potential, namely 



C 5 = 

with the scalar potential given by 



-g^R-^dv? -V), (5.4) 



y = -l(5e¥^-2e 8 ^). (5.5) 



Performing the 5 5 reduction on the solution, we find 



A 2 ( a \^ 

dsc = ' ' 



"' H \4/3 a 2 du 2 



{ 



+ 



cos u) 16 cos 2 u 

— ^77 — ( cos v i—dt 2 + dz 2 ) + 2 sin vdtdz + dx 2 + dx% ) \ 
cos / u V v ; / J 



6a a 2 I H , . 

e"5^ = -J . 5.6 

t z V cosu 

There is no metric singularity as u ranges from — ^vr to ^7r, corresponding to r ranging from 
—00 to +00. In the asymptotic region r — > — 00, the solution becomes 

.2, 5 



dsl - ^ 3 (^)^^ ie/ '\dr 2 + ^)\-dP + dz 2 +dx 2 +dxl 
ip ~ —00 , (5-7) 

where t and z are defined in (|2.10p . The metric is locally flat in this limit, in the sense 
that the Riemann tensor tends to zero as r approaches —00 (see footnote 1). The dilaton 
is singular in the limit, but the scalar potential (|5.5p goes to zero. Such a singularity, in 
which the potential is bounded above, is called a "good singularity" in [26]. However, the 
situation considered in [26] is when such a singularity occurs at a finite r = tq, where 
gu — ► 0, corresponding to non-trivial infrared physics in the dual field theory. In our case, 
only the scalar becomes singular as r — > —00, with gu ~ 00. From the supergravity point of 
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view, this is clearly a "good singularity," and is nothing but an artifact of the dimensional 
reduction. It implies that the system decompactifies into ten dimensions. 
In the asymptotic region r — ► +00, the solution becomes, 

I 2 r 2 

dsj ~ — dr 2 + ~p{-dt 2 + dz 2 + dx\ + dx\) , 
ip ~ 0. (5.8) 

(Note that in the limit of a — ► 0, the solution becomes literally AdSs for all r.) 

The scalar potential (|5.5p tends to zero as <p goes —00, and diverges to +00 as cp goes to 
+00. There is a minimum, V min = -12 /I 2 , which occurs at <p = 0. The wormhole solutions 
corresponds to traversing from tp = —00 in the asymptotically locally flat region to <p = 
in the asymptotically AdS region, with V m \ n determining the cosmological constant of AdSs. 

Including subleading terms, the metric in the asymptotically AdS region is given by 

dsl ~ 12 ( 1 ~ -pr) dr2 + ^2 ( 1 + 72 )[~ dt2 + &2 + dx i + dx 2 + > 

^a 8 

^ 15-' ( 5 - 9 ) 

If we express the metric near r = +00 in terms of a radial coordinate p, for which the metric 
in the radial direction is £ 2 dp 2 /p 2 , then the solution looks like 

,2 ^,2 P 2 17, 25a 8 \. , 2 l2 , 710 a 4 , , 



+ (l + ^)W + <^) +••• (5-10) 



/ 5a 
j- 1 1 j 

24p 8 < 

Using the energy and momentum formulae obtained in appendixEl we can straightforwardly 
to obtain the mass and linear momentum per unit 3-volume spanned over (z, x\,X2) for the 
AdSs wormhole, given by 



710 a 4 

Of course, we can boost the system along the (t, z) direction and obtain a non-zero mass; 
however, we shall always have E 2 — P 2 = — 25a 8 /(167r 2 ^ 10 ) < 0. 
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6 Further AdS Wormholes 



6.1 M2-brane and AdS 4 wormhole 

We can obtain an M2-brane wormhole solution of eleven-dimensional supergravity, given by 
with D = 10, n = 4, N = 1: 



H \l/3 

1 1 1 cos u 



2 ,^2 ° 2 ^"W 2 



36 cos 2 u 



+H 2/3 ( cos v {-dt 2 + dz 2 ) + 2 sin v dicb + dx 2 ) , 



ds 2 



1 g / — 
^4 = —dtAdzAdx, H = co git, v = y -^(ir — 2u) . (6-1) 

The coordinate u is related to the original r coordinate by 



f2 \ 6 

u = arctan \/ ( 1 H — 5- ) — 1 , (6-2) 



a 2 . 

or, in other words, 

/ r 2 X-3 . 1 r(r 4 + 3r 2 a 2 + 3a4) l/2 

cosu= 1H — ?r 1 sin £ it = 1= ; . 6.3) 

V a 2 / ' 2 ^2(r 2 + a 2 ) 3 / 2 V 7 

As r ranges from —00 to +00, u ranges from — ^ir to + ^7r. 

Choosing Co = irq/(2a 6 ), we find that has the asymptotic forms 

IT 1 3q2 1 1 

r^+oo: =_-_ + ... , 

vrg q 3a 2 q 
#=_-_ + _ + .... (6.4) 

The metric approaches AdS 4 x S 7 near r = +00, while it becomes flat as r approaches — 00. 

A breathing- mode reduction of eleven-dimensional supergravity on S 7 , in which the 
metric and 4-form are written as 

4a 

ds 2 u = e 2av dsl + {2e) 2 e-~ ip dn 2 7 , 

*F W = 6(2£fn 7 , (6.5) 
where a = vf/6, yields [22] the four-dimensional bosonic Lagrangian 

£4 = \F r g (r - H d( P) 2 -V), v = ~^2 ( 7e ^ " 3e6av ) ■ ( 6 - 6 ) 
Reducing the solution (|6.ip . with 2£ = q 1 ^, therefore gives the four-dimensional solution 



ds 



2 



T { 



H \3/2 a 2 du 2 



4 " \2l) U cos u / 36 cos 2 it 

-ff 1 / 2 / \ 1 

H ^77 — ( cos t> (—dt 2 + dz 2 ) + 2 sin v dtdz + dx 2 ) > , 

cos 7 /6 n V / J 

4" a 2 / H \l/3 

^ = ) • (6-7) 



cos u 
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In the limit of r — > oo, the metric including the subleading terms is given by 

,2 ^2 „2 -/773a 6 



ds 



£ 2 



a 
27f' 



^ + 27f' 



where f = r 2 /(4£). Expressed instead in terms of a radial variable p for which the radial 
term is exactly £ 2 dp 2 /p 2 , the expansion at large r takes the form 



ds A 



tdp* + p 



1 



7a 



12 



^ 2 LV 2 15 £ 6 p ( 



(-dt 2 + dz 2 )+ 1 + 



7a 



12 



3 • 2 15 £ 6 p 6 



7/3 a 
32Pp 3 



dx 2 + V „„'„ Q q dtdz + • • • . 

(6.9) 

Using the formulae in appendix [X] for the energy and z-momentum per unit area in the 
(z, x) plane, we find 

E = , P=g*. (6.10) 



8vr(2£)' 



6.2 M5-brane and AdS? wormhole 



There is also an M5-brane wormhole solution in eleven-dimensional supergravity, given by 
taking D = 7, n = 7, N = 1 in (1531) : 

a 2 du 2 



ds 2 



11 



F 4 



(^-) 2/3 \a>dn 2 + —- 

cosu/ L 9cos z u 
+H~ 1/3 ( cos v(-dt 2 + dz 2 ) + 2 sin v dtdz + oVoV 

3g r?4 , H = cq — ^ u , 

a 6 



where 



2(vr - 2u) 



(6.11) 



(6.12) 



The index i ranges over 1 < i < 4. 

The coordinate u is related to the original radial coordinate r by 

r ( r 4 + 3r 2 a 2 + 3a 4)l/2 



cos u 



r 2 \-3/2 



sinu 



(6.13) 



(r 2 + a 2 ) 3 / 2 

As usual, r ranges from —00 to +00, implying that u ranges from —\k to +^vr. 

With the choice Co = irq/(2a 3 ), the function H tends to zero at r = +00 and it tends 
to a constant at r = —00: 

3qa 2 



+00 : 



H 



2r 5 



+ 



-00 : H 



Ttq_ _ Q_ 3ga 2 ^ 

a 3 r 3 2r 5 



(6.14) 



The metric approaches AdSy x S near r = +00, while it becomes flat as r approaches — 00. 
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The breathing- mode reduction of eleven-dimensional supergravity on S 4 , using the 
ansatz 



ds 



F 4 = 3(l£) 3 n A , 



with a = 2/(3\/T(j), yields the seven-dimensional bosonic Lagrangian 
The solution (|6.1ip . with ^£ = q 1 / 3 , reduces to give 



4f8el av -3e 12 ^) 



(6.15) 



(6.16) 



ds-. 



5a 



'2a\8/5r/ H \6/5 a 2 du 2 
. I ) IVcosu/ 9cos 2 u 



H 577^ — f cos v {—dt 2 + dz 2 ) + 2 sin v dtdz + dx L dx L J \ , 



e 2 



cos 8 / 15 u 
4a 2 / # \2/3 

I 2 V cos u / 



(6.17) 



Taking the limit r — » oo, the metric up to sub- leading order terms is 



ds-. 



1 



8a 2 £ 2 \£ 2 dr 2 r 2 / 2a 



4 ^ 2 



+ — ( 1 + — z^-) f - dt 2 + dz 2 + efeW + 32v/ ^f Q — dtdz ) + 



(6.18) 

where f is given by r = f 2 /(2£). Expressed in terms of a radial coordinate p for which the 
radial term in the metric is exactly £ 2 dp 2 /p 2 , the expansion takes the form 



ds 2 



£ 2 dp 2 p^j 
p 2 + £ 2 



+ 



384a 6 



5p 12 
32^273 a 3 £ 3 
? 



{-dt 2 + dz 2 ) + 1 + 



128a e 



15p 



12 



dx l dx l 



dtdz 



+ 



(6.19) 



The energy and z-momentum per unit 5-volume spanned by (z, x' 1 ), calculated using the 
results in appendix El are given by 

,3 



E = 0, P 



tt£* ' 



(6.20) 



6.3 Dyonic string and AdS3 wormholes 



The dyonic string is a six dimensional solution supported by a 3-form field strength, corre- 
sponding to the Lagrangian (|3.1j) . but with D = 6, n = 3 and N = 1. The solution can be 
lifted to D = 10 and viewed as either the D1/D5 system or the NS-NS-l/NS-NS-5 system. 
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There are two dyonic string wormhole solutions. The first one can be obtained by lifting 
the magnetic string solution of the U(l) 3 theory obtained in [16] to six dimensions. It is 
given by 



dsl 



< , I /r 2 — 2asr — a 2 , 9 

{H e H m )-2 ^— dt 2 + 

V r z + a A 



Aacr 
r 2 + a 2 



dt dz 



r 2 + 2asr — a 2 
r 2 + a 2 



dz 



') 



+{H e H m )h (f[dr 2 + (r 2 + a 2 )(d9 2 + sin 2 6 d(f> 2 )} + / _1 a 2 (tZV + ncos##) 2 ) , 



■dt Adz + q m a cos 6 dtp A > 



— ,uv , ) , i? m = a m — — arctan(— ) , / = a — narctan(-) . (6.21) 
a a a a a 



H e = a P — — arctan 



In this solution, the level surface of the four-dimensional tranverse is not spherical symmet- 
ric, but a squashed S* 3 . This solution is effectively the same as the one discussed earlier, 
and we shall not analyse it further. 

There is another dyonic string wormhole solution that is spherically symmetric on the 

given by 



dsl 



(H e H m )2 



COSli 



2 ,^2 a 2 du 2 
4 cos z u 



+ (H e H m ) 2 ^ cos v (-dt 2 + dz 2 ) + 2 sin v dtdz^j , 
f = ± log (jf~) , F o) = dt Adz A dH- 1 + * 6 (dt A dz A dH' 1 ) , 



H e = c e - , H m = c m - ^-u , v = ±V3(tt - 2u) 



a z 



The coordinate u is related to the original r coordinate by 



smii 



r\/r 2 + 2a 2 



(6.22) 



(6.23) 



r 2 + a 2 

In order for the metric to be asymptotic to AdS3 for r — > oo, it is necessary to choose c e = 
irq e /(2a 2 ) and c m = irq m /(2a 2 ). For simplicity, let us consider the case with q e = q = q rn . 
We can reduce the solution on the three sphere, with the reduction ansatz given by 

ds 2 = e 2 ^ds\ + e-hf q dn 2 3) , F 3 = 2q(Q {3) + q 3/2 e 4a % 3) ) . (6.24) 

The resulting three-dimensional Langrangian is given by 

C 3 = V=g(R-%(d<p) 2 -V), V = -g- 1 (6et^-4e 4 ^). (6.25) 



The corresponding D = 3 metric is given by 



j 2 u 



H 4 a 2 du 2 



+ 



H 2 



4 cos b u cos^ u 



■ (cos v(—dt 2 + dz 2 ) + 2sint> dtdz) 



(6.26) 
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We now take the limit of r — ► oo, and compare the solution with the metric in the Poincare 
patch. We find that the metric becomes 

dsl = *d? + (l - ( - ^ + f dz *) - 2 -^dtd Z + ..., (6.27) 
where £ 2 = q. 

Note that for general electric and magnetic charges (q e , q m ), we have £ = ^/q e q m - Up to 
the order of 1/p 2 in the cross-term and l/p 4 in the rest, this is precisely the metric given 
in (1TOD . 

7 Conclusions 

In this paper, we have constructed various examples of smooth Lorentzian-signature worm- 
holes in supergravity theories. In general, the solutions are supported by gravity, a dilatonic 
scalar, and a p-form field strength, and the resulting wormhole connects two asymptotic 
regions that are locally flat. Of particular interest are the cases where only the metric and 
the p-form are involved. In these non-dilatonic cases, the parameters in the solution can be 
adjusted so that one of the asymptotic regions approaches AdS. 
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A Conformal Mass for Asymptotically AdS Geometries 

In any spacetime that approaches AdS sufficiently rapidly at infinity, we can define conserved 
charges associated with each of the asymptotic Killing vectors. In particular, by taking 
the appropriate asymptotically timelike Killing vector, we can calculate the total mass, 
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or energy, of the spacetime. There are various ways in which this can be done (see, for 
example, [27] for a discussion), but the simplest and most straightforward is based on a 
procedure involving a calculation on the conformal boundary of the spacetime, developed 
by Ashtekar, Magnon and Das [28,29]. In this appendix, we show how this AMD approach 
may be used to calculate the energy and the momentum of the AdS wormhole solutions 
that we have constructed in this paper. 

There are two types of boundary that are of particular interest when one considers an 
asymptotically AdS spacetime. One of these is the boundary at large radius in a global 
coordinate system, for which the boundary topology is Rx Sphere. (It is assumed here that 
we are working in the universal covering space CAdS of AdS, in which time ranges over the 
entire real line rather than being periodically identified.) The other boundary of interest is 
the one that arises when one considers the Poincare patch of AdS, for which the boundary 
is just Minkowski spacetime. 

Descriptions of the bulk AdS metrics in these two cases can be given in a unified form, 
by writing the D-dimensional metric, which satisfies = —{D — l)£~ 2 g^ u , as 

dv 2 

ds 2 D = -w 2 dt 2 + —j + r 2 dw 2 D _ 2 , (A.l) 

where 

du 2 T 

For any non- vanishing k, du!f^_ 2 is the metric on a round sphere S D ~ 2 of radius 1/k, and 
(|A.1|) is a metric on AdSj) in global coordinates. The scale size k can be absorbed by 
means of coordinate rescalings so that any non-zero k can be set equal to 1 without loss 
of generality. If k = 0, on the other hand, the metric (|A.1[) instead describes the Poincare 
patch of AdS@ 

The use of the AMD method to calculate the mass of various higher-dimensional asymp- 
totically AdS black holes was described in [30] and [27]. In all these examples, the black 
hole metrics were asymptotic to global AdS. However, in the AdS wormhole solutions that 
we have constructed in this paper, the asymptotic form approaches the Poincare patch of 
AdS. It is instructive, therefore, first to check how the AMD calculation of the mass works 
in a simple k = example. 

2 One can also take k 2 to be negative, in which case the metric (|A.lf) describes de Sitter spacetime, and 
doJn-2 is the metric on a hyperboloid of constant negative curvature. Including the possibility of negative 
k 2 , one can always, by means of coordinate scalings, set k 2 to be 0, 1 or — 1, depending on whether it is 
initially zero, positive or negative. 
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The conformal boundary of AdS in either case can be brought in from infinity by rescal- 
ing the metric with a conformal factor 

SI = - , (A.3) 



r 

>2, 



to give g^ u = SI g^ u . Let C^ upcr to be the Weyl tensor of the metric g pu and n p = d^S}. 
The conserved charge Q[K\ associated to the asympotic Killing vector K is then given by 



E» v = £ 2 Sl 3 ~ D n p n a C f " pua . (A.4) 
In order to define the energy, one takes K = d/dt, to give 



In the case of our AdS wormhole solutions, we can also obtain the linear momentum along 
the z direction, by taking K = d/dz, giving 

1 



A simple example that illustrates the calculation of the AMD mass for both the k = 1 
and k = cases is provided by charged non-rotating black holes in five-dimensional minimal 
gauged supergravity. The solution can be written as 

dsl = fH- 2 d(? + H(f- 1 dl? + r 2 ds£), 
A = V3(l-H~ 1 ) ] J^^dt, (A.7) 

where 

f = k 2 -^+g 2 r 2 H\ H = l + ±, (A.8) 

and 

*§ = I ^ + u 2 cm2. (A.9) 

Here g = l/£. Note that ds 2 is a metric on a 3-sphere of radius A; -1 . The solution is valid 

for any k, including k = 0. 

Calculating the thermodynamic quantities, we find 

_ ir 2 (q + r\ fl 2 k 2 r%+g 2 {2r 2 + -q)(q + r 2 + ) 2 

2fc3 ' 27rr2(g + r2)3/2 

*y/5q y/q + r\ y/k?rl +g 2 (q + r\Y ^ yj 'k 2 r% + g 2 (q + r\f 

fc3r + 4r+ yjq + r% 



3vr 

E = — 



k 2 r\{2q + r\) +g 2 (q + r\ ) 3 
8k 3 r 2 



(A.10) 
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where r + is the largest root of f(r) = 0. E here is calculated using the AMD procedure. 
These quantities satisfy the first law of thermodynamics, 

dE = TdS + <&dQ , (A.ll) 

for any arbitrary constant value for k, including k = 0. 

All of E, S and Q have a factor k s in the denominator. This is associated with the fact 
that ds| describes a 3-sphere of radius A; -1 . In the limit where k — > 0, corresponding to the 
black hole with flat horizon, we should multiply E, S and Q by k s before taking the limit, 
and interpret the rescaled quantities as the energy, entropy and charge per unit 3- volume. 
(Or else, re- interpret the metric ds^ as being defined on T 3 , and so take J ^/g^d 3 x to be the 
volume of the T 3 .) 



References 

[1] J.M. Maldacena, The large N limit of superconformal field theories and supergrav- 
ity, Adv. Theor. Math. Phys. 2, 231 (1998), [Int. J. Theor. Phys. 38, 1113 (1999)], 



hep-th/9711200 



[2] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253 (1998), 
hep-th/9802150[ 



[3] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non- 
critical string theory, Phys. Lett. B428, 105 (1998), |hep-th/9802109[ 

[4] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows 
from holography supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3, 363 



(1999), hep-th/9904017 



[5] H. Lin, O. Lunin and J.M. Maldacena, Bubbling AdS space and 1/2 BPS geometries, 



JHEP 0410, 025 (2004), hep-th/0409174 



[6] Z.W. Chong, H. Lii and C.N. Pope, BPS geometries and AdS bubbles, Phys. Lett. 



B614, 96 (2005),[hei>th/0412221 



[7] J.T. Liu, H. Lii, C.N. Pope and J.F. Vazquez-Poritz, New super symmetric solutions 
of N = 2,D = 5 gauged supergravity with hyperscalars, JHEP 0710, 093 (2007) 
|arXiv:0705.2234l [hep-th]]. 



18 



[8] M. Cvetic, S.S. Gubser, H. Lii and C.N. Pope, Symmetric potentials of gauged super- 
gravities in diverse dimensions and Coulomb branch of gauge theories, Phys. Rev. D62, 
086003 (2000), |hep4;h/9909121[ 

[9] P. Kraus, F. Larsen and S.P. TVivedi, The Coulomb branch of gauge theory from rotating 
branes, JHEP 9903, 003 (1999), hep-th/9811120j 

[10] G.J. Galloway, K. Schleich, D. Witt and E. Woolgar, The AdS/CFT correspondence 
conjecture and topological censorship, Phys. Lett. B505, 255 (2001), hep-th/9912119. 

[11] J.M. Maldacena and L. Maoz, Wormholes in AdS, JHEP 0402, 053 (2004), 



hep-th/0401024! 



[12] E. Bergshoeff, A. Collinucci, A. Ploegh, S. Vandoren and T. Van Riet, Non- 
extremal D-instantons and the AdS/CFT correspondence, JHEP 0601, 061 (2006), 



hep-th/0510048 



[13] N. Arkani-Hamed, J. Orgera and J. Polchinski, Euclidean wormholes in string theory, 
JHEP 0712, 018 (2007), arXiv: 0705 .27681 [hep-th]. 

[14] A. Bergman and J. Distler, Wormholes in maximal supergravity, arXiv:0707.3168 [hep- 
th]. 

[15] E. Bergshoeff, W. Chemissany, A. Ploegh, M. Trigiante and T. Van Riet, Generating 
geodesic flows and supergravity solutions, arXiv:0806.2310 [hep-th]. 

[16] H. Lii and Jianwei Mei, Ricci flat and charged wormholes in five dimensions, 
larXiv:0806.3lTjJ [hep-th]. 

[17] A. Chodos and S. Detweiler, Spherically symmetric solutions in five- dimensional gen- 
eral relativity, Gen. Rel. Grav. 14, 879 (1982). 

[18] M. Azreg-Ainou and G. Clement, The geodesies of the Kaluza-Klein wormhole soliton, 
Gen. Rel. Grav. 22, 1119 (1990). 

[19] M. Azreg-Ainou, G. Clement, CP. Constantinidis and J.C. Fabris, Electrostatic so- 
lutions in Kaluza-Klein theory: Geometry and stability, Grav. Cosmol. 6 207 (2000), 



gr-qc/9911107 



[20] H. Lii and C.N. Pope, p-brane solitons in maximal supergravities, Nucl. Phys. B465, 



127 (1996), hep-th/9512012 



19 



[21] H. Lii, C.N. Pope, E. Sezgin and K.S. Stelle, Stainless super p-branes, Nucl. Phys. 
B456, 669 (1995), [hep^th/9508042[ 

[22] M.S. Bremer, M.J. Duff, H. Lii, C.N. Pope and K.S. Stelle, Instanton cosmology 
and domain walls from M-theory and string theory, Nucl. Phys. B 543, 321 (1999), 



hep-th/980705lj 



[23] J. D. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymp- 
totic Symmetries: An Example from Three- Dimensional Gravity, Commun. Math. 
Phys. 104, 207 (1986). 

[24] V. Balasubramanian and P. Kraus, A stress tensor for anti-de Sitter gravity, Commun. 
Math. Phys. 208, 413 (1999) [arXiv:hep-th/99021211 . 

[25] M. Henningson and K. Skenderis, The holographic Weyl anomaly, JHEP 9807, 023 
(1998) [arXiv:hep-th7 9806087|. 

[26] S.S. Gubser, Curvature singularities: The good, the bad, and the naked, Adv. Theor. 



Math. Phys. 4, 679 (2000), hep-th/0002160 



[27] W. Chen, H. Lii and C.N. Pope, Mass of rotating black holes in gauged supergravities, 



Phys. Rev. D73, 104036 (2006), hep-th/0510081 



[28] A. Ashtekar and A. Magnon, Asymptotically anti-de Sitter space-times, Class Quant 
Grav 1, L39 (1984). 

[29] A. Ashtekar and S. Das, Asymptotically anti-de Sitter space-times: Conserved quanti- 
ties, Class. Quant. Grav. 17, L17 (2000), |hep-th/9911230[ 

[30] G.W. Gibbons, M.J. Perry and C.N. Pope, The first law of thermodynamics for Kerr- 





anti-de Sitter black holes, Class. Quant. Grav. 22, 1503 (2005), hep-th/0408217 



20 



